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1 Introduction 

In this paper we continue the study, initiated in |27j , concerning the global existence of solutions for a system 
describing the evolution of a ncmatic liquid crystal fluid. This system is a prototypical example of a certain 
type of non-Newtonian complex fluids, in which the stress tensor of the fluid has, in addition to the usual 
Newtonian part, a component due to the presence of particles embedded in the flow, namely the liquid crystal 
molecules. The evolution of the flow is influenced by the presence of these particles and on the other hand 
the evolution of the flow affects the direction and position of the liquid crystal molecules. This situation is 
modelled through a forced Navier-Stokes system, describing the flow, coupled with a parabolic-type system 
describing the evolution of the nematic crystal director fields (Q-tensors, that is traceless and symmetric 
d-by-d matrices, d = 2,3). 

In our previous work, |27j . we assumed that a certain parameter, £, is zero, which had the effect of cancelling 
certain terms. In the current work we do not make this assumption and study the full system, observing that 
the presence of these additional terms has a non-trivial effect, namely the quadruply exponential increase of 
the high norms (that will be detailed below). We also estimate differently certain terms already existent in 
the simplified system and improve the estimates in [2"T] . 

The full coupled system has, as well as the simplified version in |27| . a Lyapunov functional made of two 
parts: the free energy due to the director fields and the kinetic energy of the fluid. This functional describes, 
from a physical point of view, the dissipation of the energy of the complex fluid. 

In the first part of the paper we use the apriori bounds on the solution (provided by the energy dissipation) 
to prove the existence of global weak solutions in the natural energy space. In the second part, we study the 
case where the fluid evolves in the two dimensional space and prove the existence of a global regular solution 
issued from, an appropriately regular, initial data. In the two dimensional space we also show that for an 
appropriately regular initial data the weak and the strong solutions coincide. 

The main part of our study concerns the high regularity of the solutions that start from regular (enough) 
initial data. We use, at a higher level of regularity, the cancellations that made possible the existence of 
the Lyapunov functional, to avoid estimating certain terms with maximal number of derivatives. Thus we 
show that for this type of complex fluids the existence of an energy dissipation is intrinsically related to 
the high regularity of the solutions. Moreover, the differential inequality relating the high Sobolev norms of 
the solution (inequality that allows us to obtain uniform bounds in high Sobolev spaces), is not completely 
classical and takes a form that is different from, for example, the classical situation of global wellposedness 
for incompressible Euler equation in two dimensions. Indeed, in our proof we use the logarithmic Sobolev 
embedding of H 1+e in L°° in conjunction with the precise growth of the constant of the Sobolev embedding 
of H 1 in any L p (which is C^/p), and an optimal choice of the Lebsegue index p depending on the norm of the 
solution. This way we obtain a differential inequality with a doublc-logarithmical correction and this allows 
us to obtain a global in time control of high Sobolev norms of the solution. 
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There exist several competing theories that attempt to capture the complexity of nematic liquid crystals, 
and a comparative discussion and further references are available for instance in [17] , }22j . In the present paper 
we use one of the most comprehensive description of ncmatics, the Q-tensor description, proposed by P.G. 
de Gennes |15| . There exist various specific models that all use the Q-tensor description and a comparative 
discussion of the main models is available for instance in [25) . In this paper we use a model proposed by Boris 
and Edwards [3] , that one can find in the physics literature for instance in |12| , )26j . An important feature of 
this model is that if one assumes smooth solutions and one formally takes Q(x) = s + (n(x)C$in(x)— hid), with 
s+ a constant (depending on the parameters of the system, see for instance [52]) and n : M. d — > S d_1 smooth 
(with d the dimension of the space), then the equations reduce (see [15]) to the generally accepted equations 
of Ericksen, Leslie and Parodi [T^] . The system we study is related structurally to other models of complex 
fluids coupling a transport equation with a forced Navier-Stokes system [7], [5], [§], [TT], [TS], [THj, [13] ■ in 
our case the Navier-Stokes equations are coupled with a parabolic type system, but we also have two more 
derivatives (than in the previously mentioned models) in the forcing term of the Navier-Stokes equations. The 
Erickscn-Lcslic-Parodi system describing nematic liquid crystals, whose structure is closer to our system (but 
that has one less derivative in the forcing term of the Navier-Stokes equations) was studied in [T3], [H], [20) . 

In the following we use a partial Einstein summation convention, that is we assume summation over 
repeated greek indices, but not over the repeated latin indices. We consider the equations as described in 
|12) . [26] but assume that the fluid has constant density in time. We denote 

S(Vu, Q) d = (£D + fl)(Q + -Id) + (Q + -Jd){iD - fi) — 2£(Q + -Id)tr(QVu) (1) 

d d d 

where D d = ^ (Vu + (Vu) T ) and Q d = ^ (Vu — (Vw) T ) are the symmetric part and the antisymmetric part, 
respectively, of the velocity gradient matrix Vu. The constand d is the dimension of the space and Q is a 
function on R d with values into SQ d \see the notations paragraph below). The term S(V,Q) appears in the 
equation of motion of the order-parameter, Q, and describes how the flow gradient rotates and stretches the 
order-parameter. The constant £ depends on the molecular details of a given liquid crystal and measures 
the ratio between the tumbling and the aligning effect that a shear flow would exert over the liquid crystal 
directors. 

We also denote: 

H = -aQ + b[Q 2 - t -^p-Id] - cQtv(Q 2 ) + LAQ (2) 
where L > 0. It will also be convenient to denote 



F = H- LAQ (3) 



With the notations above we have the coupled system: 



{d t + u- V)Q - S(Vu, Q) = TH 

d t U a + UpdfjU a = l>df3f3U a + d a p + df}T al3 + dpIJafj (4) 



d 1 u 1 = 



where r > 0, v > and we have the symmetric part of the additional stress tensor: 

T a /3 = — £ ( Q a ~f + —r) Hyp—t^Hay \Q 7 p + — ) +2£(Q Q /H — -f-)QjsH'yS^L ( dpQ 1 sd a Q 1 s + -^j-QveQi. 



and an antisymmetric part: 



(5) 



Cq0 — Qa-fH-ffS ~ Ha-fQ-jp (6) 



We also need to assume from now on that 

c> (7) 
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This assumption is necessary from a modelling point of view (see [21], [22]) so that the energy T (see next 
section, relation ((8])) is bounded from below, and it is also necessary for having global solutions (see Proposition 
[2] and its proof). 

Notations and conventions Let Sq C M. dxd denote the space of Q-tensors in dimension d, i.e. 

S { d) = {Q G M dxd : Qij = QaMQ) = 0, i, j = 1, . . . , d} 

We use the Frobenius norm of a matrix \Q\ = y^trQ 2 = y/QapQap and define Sobolev spaces of Q-tensors 
in terms of this norm. For instance S^) =' {Q : R d S ( d) , J Rd |VQ(x)| 2 + \Q(x)\ 2 dx < oo}. For 

A, B G S we denote A ■ B = tr(AB) and \A\ = ^/tr(A 2 ). We also denote \VQ\ 2 (x) d = Q a p ll (x)Q a p n (x) 
and | AQ| 2 (x) = AQ a p(x)AQ a fj(x). We recall also that Cl a p = | (dpu a — d a up) and u a> p = dpu a , Qij,k == f 
dkQij- 

2 The energy decay and apriori estimates 

Let us denote the free energy of the director fields: 

HQ) = I ^|VQ| 2 + ^tr(Q 2 ) - ^tr(Q 3 ) + ^tr 2 (Q 2 ) dx (8) 

J Rd Z I 6 4 

In the absence of the flow, when u = in the equations the free energy is a Lyapunov functional of 
the system. If u ^ we still have a Lyapunov functional for but this time one that includes the kinetic 
energy of the system. More precisely we have: 

Proposition 1. The system ^ has a Lyapunov functional: 

E{t) = \f \u\ 2 (t,x)dx+ f ^\WQ\ 2 (t,x) + ^tr(Q 2 (t,x))~\tr(Q 3 (t,x)) + -tr 2 (Q 2 (t,x))dx (9) 
l J Rd J R d l l 6 4 

If d = 2,3 and (Q,u) is a smooth solution of ^ such that Q G L°°(0, T; H 1 (R d )) n L 2 (0, T; H 2 (R d )) and 
u G L°°(0,T;i 2 (R d )) f]L 2 (0,T;H 1 (R d )) then, for all t < T, we have: 



/ \Vu\ 2 dx-T f tr (lAQ -aQ + b[Q 2 - ^^-Id] - cQtr(Q 2 )] dx < (10) 



Proof. We multiply the first equation in (Q| to the right by —H, take the trace, integrate over M. d and by 
parts and sum with the second equation multiplied by u and integrated over M. d and by parts (let us observe 
that because of our assumptions on Q and u we do not have boundary terms, when integrating by parts). We 
obtain: 

i L ^ + i |VQ|2 + ^ tr(Q2) " l tliQ3) + t j2{Q2)dx 

+u f \Vu\ 2 dx + T f tr (lAQ - aQ + b[Q 2 - tr ^ h d] - cQtr(Q 2 )) dx 
u ■ VQ Q(3 (-aQ afj + b[Q ay Q yl3 - ^-tr(Q 2 )] - cQ af} ti{Q 2 )) J da; 



+ y (-f2 Q7 Q 7(3 + Q Q7 ^ 7 /3) ^-aQ Q( 3 + b[Q aS Qsp - ^-tr(Q 2 )] - cQ Q/3 tr(Q 2 ))^ 
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£ f (Q a7 + ^)D^H a0 dx -£ f D ai ( g 7(3 + W H a p dx +2£ / ( Q a p + %^ H a ptr(QVu) dx 

jR d "> JR d V « / i]R d V « / 

" v ' S v ' S v ' 

d = ! j! d ='j2 d ='j 3 

+L / M 7 (5 a/ 3 i7 AQ Q;3 dx — — / u a ^Q^pAQ a /3 dx 

JR d * JR d 

+ — / u^^QypAQap dx+— I QajUj.pAQapdx-— [ Q ai up a AQ a pdx 

1 JR d 1 JR d Z JR d 



+L / Qys^QyS^Ua^dx-L / Q ai AQ 1 pu a ^dx+L I AQ ai Q 1 pu a ^pdx 

JR d JR d JR d 



def - - 

= AA 



-£ / {Q ai + ^j-)H lf} u a .pdx+£, [ H ai {Q 1 p + ^-)u a .pdx-2^ j {Q a p + ^-)u a ,ptv(QH) dx 

JR d « JK d " JK d « 

S v ' "> v ' V v ' 

d =JJ! = f JJ2 d =JJ 3 

-L I u at yQ~fpAQ a pdx+L / u 1 ^ a Q 1 pAQ a p dx —L / Q ai AQ 1 pu a ^pdx +L / AQ ai Q 1 pu olt p dx 

JR d Jm d JR d JR d 



= 0(11) 



2B 2C CC BB 

where 2=0 (since V ■ u = 0), II = (since Q a p = Qp a ) and for the second equality we used 

1 AQ a pdx+ I Q 7 8,aQ-y8,pu a .p dx ~ / UyQ a p ; yAQ a p dx 

JR d JR d JR d 

.4 AA 

QyS,aQyS.ppU a dx — / Q 7 S,apQyS,pU a dx = / -Q 7 S.pQfS,pU ata dx = 
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together with Q QQ = i7 QQ = u a , a = 0, Ja = JJs, and 



Ji+ Jz = [ -zQccy'U"i > pH ot p + -Qa-yUp^Hap + -u a ,jQ 7 pH a p + -u 1%a Q 1 pH a p dx 

jR d I I I I 

2 f f 1 1 

+ - / D a pH a p = / -{QayU 1 ,pH a p + U lya QjpH a p) + -(Qa-fUp^Hap + u a _ 1 Q 1 pH a p) dx 

+ - / {u a ,p + up, a )H a p dx = { Hp a Q ai u 1: p + Q ia H a pup n dx + - f u a ^pH a p dx — J J\ + JJ 2 
Finally, the last equality in (fTTj) is a consequence of the straightforward identities 2B + BB = 2C + CC = 0. 

□ 

In the following we assume that there exists a smooth solution of (0J) and obtain estimates on the behaviour 
of various norms: 

Proposition 2. Let (Q, u) be a smooth solution of ^ in dimension d — 2 or d — 3, with restriction and 
smooth initial data (Q(x),u(x)), that decays fast enough at infinity so that we can integrate by parts in space 
(for any t > 0) without boundary terms, 
(i) For (Q,u) G H 1 x L 2 ,we have 

\\Q(t,-)\\m <tfi + <?ie eit ||Q|Ui,Vi>0 (12) 
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with C\ , C\ defending on (a,b,c,d,T,L, is, Q, u) . 
(ii) For (Q,u) € H 1 x L 2 , we have: 



t f t 

2 J„ i T\\X7fM+ _M|2 i -nr2 / ||A/if„ \i|2 J ^r>. i n^ n Cit 



\\u(t, 01112 + 2j/ / ||V«(«, 0111= ^ + L||VQ(t, 01122 + ^ / ||AQ(a, 0||£ 2 ds < C 2 + C 2 e^ (13) 
Jo Jo 

with the constants Ci,Ci depending on (a,b,c,d, L,T,u,Q,v). 

Proof. We multiply the first equation in (|4|) by Q, take the trace, integrate over R d and by parts and we 
obtain: 

\t I \Q\ 2 {t,x)dx = r(-L [ \VQ\ 2 dx-a [ \Q(x)\ 2 dx + b [ tr(Q 3 )dx-c[ \Q\ 4 dx) 
2 at J R d \ J R d J R d J R d J K d ) 

+ / tr(f2Q 2 - QflQ) dx 

Jm d 

v ' 

f S S 6 

j R d a a a 

d =xx 

Recalling that Q is symmetric we have 1 = 0. Also: 

|2Z| = |2£|| / ^D a pQ a p + D cn Q 7P Qp a -Q aP Q aP tv{QVu)dx\<C(^d) f e\Vu\ 2 + -(\Q\ 2 + |Q| 6 ) dx 
hence we get: 

4 / \Q\ 2 dx < C(£,d)e [ \Vu\ 2 dx + C(tr,L,a,b,c,d)- [ |Q| 2 + |Q| 6 dx 
dt J R d J R d e J R d 

Adding the last relation multiplied by A 2 (with iela constant to be chosen) and (|10p we get 
4/ ^Q\ 2 +A 2 \Q\ 2 + ^\Q\ 2 -hv(Q 3 ) + j\Q\ i dx<m,d)eA 2 -^ [ \Vu\ 2 

at J Rd Z Z o 4 J R d 

+ C^T,L,aAc,d)A 2 f |Q|2 + |g|6dx (14) 

£ Js. d 

Let us observe that for Q a traceless, symmetric, 3x3 matrix we have: 

tr(Q 3 ) < ^tr 2 (Q 2 ) + hr(Q 2 ),yS > (15) 
8 o 

Indeed, if Q has the eigenvalues x, y, —x — y then tr(Q 3 ) = — 3xy(x + y), tr(Q 2 ) = 2(x 2 + y 2 + xy) and the 
inequality (|15[) follows. Then, choosing 8 appropriately small and for A large enough wc have: 

/ ^\VQ(t,x)\ 2 +^-\Q(t,x)\ 2 dx< f ^\WQ(t,x)\ 2 +A 2 \Q(t,x)\ 2 + ^\Q(t,x)\ 2 -^tT(Q^t,x))+^\Q(t,x)\Ux 

J R d Z Z J R d Z Z o 4 

(16) 

(note that we can choose S > appropriately small so that we have the previous inequality precisely because 
of our assumption (J7J , namely c > 0) 

In the case d = 2 we have tr(Q 3 ) = (as Q is traceless and symmetric) but we still need the assumption 
c > in order to have the estimate (|1"6"|) . 

Using together p^|) and ([T6")) and choosing e > appropriately small so that C(£,,d)sA 2 — v < we get: 
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/ ^\VQ(t,x)\ 2 + ^-\Q(t,x)\ 2 dx<C 1 +C 2 f f \Q(s,x)\ 2 + \Q(s,x)\ 6 dsdx 

JR d 2 2 Jo JRd 

^Cx + Czf ( ^\VQ(s,x)\ 2 + ^-\Q(s,x)\ 2 dsdx (17) 

where C\ depends on the initial data A, e, L, a, b, c, d and C*2, C3 depend on A, e, L, a, b, c, d, T. Thus we obtain 
the claimed estimate (|12l) . 

(ii) Relation (fTU|) implies 



l|VQ(t, 011!= + \\Ht, -)\\h +vj HV«(«, -)\\h ds + TL 2 £ \\AQ(s, -)\\ 2 L2 d S 



L 1, 



<C I tr(Q 2 (t,x))+tr 2 (Q 2 (t,x))dx + C / tr(Q 2 (0, x)) + tr 2 (Q 2 (0, x)) dx + -|| VQ(0, -)|U> + r||«(0, ■)]]% 

-r / / tr(LAQ(aQ-fcQ 2 + cQtr(Q 2 )))dxds-r / / tr (VaQ - 6Q 2 + cQtr(Q 2 ))LAQ) dx ds 
Jo Js. d ^ 'Jo Jm d ^ ' 
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+r / / tr [aQ-bQ 2 + cQtT(Q z )) dxds (18) 
Jo Jwi d v ' 

In the last inequality we use Holder inequality to estimate AQ in L 2 and absorb it in the left hand side 
while the terms without gradients are estimated using (|12[) and interpolation between the L 2 and L e norms. □ 

3 Weak solutions 

A pair (Q, u) is called a weak solution of the system (QJ, subject to initial data 

Q(0,x) = Q(x) G H 1 ^), u(0,x) = u(x) G i 2 (R d ),V ■ u = in V'{R d ) (19) 

if Q G L% C (M.+; H 1 ) n L 2 oc (R+;id 2 ), it G L% C (R+;L 2 ) n lf oc (R+; id 1 ) and for every compactly supported 
G C°°([0,oo) x R d ;S^), V G C°°([0,oo) x R d ;R d ) with V ■ ip = we have 

[ [ (-Q ■ d t <p - TLAQ -<p)-Q- uV x tpdx dt 
Jo Jm d 

nil 1 
(£D + fi)(Q + -Id) -<p + {Q + -jld)(££> - 0) • cp - 2£(Q + - Jd)tr(QVu) -ipdxdt 
_,d a d d 

= [ Q(x) ■ tp(0, x) dx + T [ [ { - aQ + b[Q 2 - ^ ^ Zd] - cQtr(Q 2 ) } - ipdxdt (20) 

jR d Jo Js d " J 

and 

/ / —udtip — u a upd a ipi3 + v\7u\7ip dt dx — / u(a:)t/>(0, x) dx 

JO JK d JK d 
= L / Q 7 S,aQ~fS,l3lpa,l3 ~ Qcry AQjplpa^ + AQa^Q^ptpafi dx dt 

Jo Jwi d 

+f So I d (°" 7 + ^) Hl ^ a ' p + Hai (° 7/3 + 7/,Q '' 3 ~ 2(Qa/3 + 5j f )Q^ H i^P dxdt ( 21 ) 

Proposition 3. For d = 2,3 iftere exists a weak solution (Q,u) of the system O), wzi/i restriction Q), 
subject to initial conditions U9\) . The solution (Q,u) is such that Q E L^ C (M. + ; H 1 ) n L 2 oc (IR+; 7J 2 ) and 
W e^(l + ;I 2 )nLL(K + ;]J 1 ). 
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Proof. We define the mollifying operator 

= i[i,»](fcl)/(0 

and consider the system: 



d t Q {n) + J„(PJ n u n VJnQ (n) ) - Jn[{tVJ n D n + VJ n Q n )(J n Q^ + i/d)J + J„ [{J n Q^ + \ld){£PJ n D n - TJ n Q n ) 
-2$J n ({J n Q {n) + \ld)trJ n (j n Q^VVJ n u n )^ = TLAJ n Q^ + 

+r( - j„qw + i[j n (j n g(»)j n gW) - M^^^.q'"')) ^ _ cJn f j n Q<»)tr(j B (j n Qto j b qW)))J 

fltu" + VJ n {VJ n u n VVJ n u n ) = -£PJ n V • ( {JnQ [n) + \ld) J n H {n) ) - t,VJ n V ■ (j n H^ (J n Q^ + \l 

+2(TJ n V • ((J„QW + i) J n {J n Q {n) J n H {n) )) - LVJ n {V • (tr(V J n Q^WJ n Q^) - ±|VJ„Q(")| 2 M)) 
4 +L7>(V • J„ (J n Q^AJ n Q^ - AJ„QW J n QW)) + ^A7?J„u" 

where denotes the Leray projector onto divergence- free vector fields and H {n) d = LJ n AQ^ - aJ n Q^ + 

b[Jn{JnQ [n) J n Q {n) ) - to ' J -' J -0 ( ; lj °q' n '» ^ - C J„rj„Q(")tr(J„(J„QWj„QW))V 

The system above can be regarded as an ordinary differential equation in L 2 verifying the conditions of the 
Cauchy-Lipschitz theorem. Thus it admits a unique maximal solution (Q",u") € ^([O, T n ); L 2 (R d ; R dxd ) x 
i 2 (R d ,R d )). As we have (VJ n ) 2 = VJ n and J 2 = J„ the pair (J n Q^ ,V J n u n ) is also a solution of |(22J. By 
uniqueness we have (J n Q^ n \VJ n u n ) = (Q^ n \u n ) hence (Q("\w Tl ) G ^([O, T n ), H°°) and (Q<- n \u n ) satisfy 
the system: 



' fyQW + J„(w"VQW) - J„((£D" + fi n )(QW + i/d)) + J„((Q(' 1 ) + \ld){£D n - £1™)^ 
-2£J„((QW + i/d)trJ„(g( n )Vu")) = TLAQ™ 

+r( - aQW + 6[J„(QWQ(")) - tr(J '- (Q( ; >Q( " ))) /rf ] - (Q (n) tr(J„(Q(«)Q(«))))) (22) 
<9 t u™ + P J„(u"Vu") = -£7>J„V • ( (Q(") + \ld) - ^PJnV ■ (fiW (g(") + i/rf) 

+2£7>J„V • ((Q(») + i) J n (QMiJ<"))) - L7>J„(V • (tr(VQWVQW) - \\VQ^\ 2 Id)) 

where i/W LAQ^ - aQ< n > + 6[J n (Q< n > QW) - tr(J " (Q( rf " )Q '"' )) /d] - cJ n (Q( n >tr(J n (QWQ< n >))' 



We can argue as in the proof of the apriori estimates and the same estimates hold for the approximating 
system (j22|) . These estimates allow us to conclude that T n = oo and we also get the following apriori bounds: 

SUp ||Q ( " ) !|L2(0,T;ff2 )nL oc (0iT;ff l ) < OO 
n 

sup||u™|| L oo( ^ T . i 2 )nL 2 (0:T;H i ) < oo (23) 

n 

for any T < oo. 

The pair (Q^ n \u n ) is also a weak solution of the approximating system (|2"2"|) hence for every compactly 
supported <p € C°°([0, oo) x K d ; S^ ), V G C°°([0, oo) + xK d ; R d ) with V • ^ = we have: 



JR d 

oo 



{-Q™ • t <£ - rLAQW ■ - J„(Q ( "> ■ u n )V x p - J„((£D" + tt")(Q (,l) + i/d)) ■ <P dxdt 
J n ((Q (n) + ^Id){£,D n - Q n )) • 93 - 2£_J n f (QW + ijd)trJ n (Q (n >Vu")J • ^tfedi 
Q(aO • <p(O t x)dx + T J™ J {-uQW +b[J n (g (n) ) 2 - tr ( J " (^ ( " } ) ) Jrf ] _ c j n ^Q(") tr ( J n (Q^) 2 )}^ ■ p dxdt (24) 
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and 

f f -u n d t i> - J n (K u p) 8 ai>p + vVu n V%l> dxdt- f u(x)ip(0, x) dx 

JO JR d JTg. d 

=L L°° L { Jn ( Q 5^ g 5^) ^ - Jn ( q ^ aq ^ - v*Q { $Q§i) ^, } dxdt 

-2f jf° J {■/„( (Q$ + S -f) J n (Q^H^))^ p )dxdt (25) 

We consider the solutions of (l2"2l and taking into account the bounds ([2"3")l we get, by classical compactness 
and weak convergence arguments, that there exists a Q € Lf£ c (R + ; H 1 )CiLf oc (M.+ ; H 2 ) and a u £ L^ C (IR + ; L 2 )D 
Lf oc (M. + ; H 1 ) so that, on a subsequence, we have: 

Q in L 2 (0, T; H 2 ) and Q( n > -> Q in L 2 (0, T; #f~ s ), Ve > 
Q (n) (t) Q(t) in ff 1 for all t G M + 
w" u in L 2 (0, T; iJ 1 ) and u n -> u in i 2 (0, T; i?, 1 ""), Ve > 

u(i) in L 2 for all i e M + (26) 

These convergences allow us to the pass to the limit in the weak solutions (|2^|) . (|2"5)) to obtain a weak 
solution of (H]), namely (|20| . (f2Tj) . Of all the terms there are only two types of terms that are slightly difficult 
to treat in passing to the limit. A first type is a term in (|25|) . namely 

L f°° I J n (Q$AQ$ - AQ$Q$) ^ dxdt = L r f (q$AQ$ - AQ$Q$) • J n ^ dxdt. 

J J K J J R d 

Recalling that ip is compactly supported we have that there exists a time T > so that ip(t,x) = 
J n i/j(t, x) = 0, Vt > T, x € R d , neff. Taking into account that ^ is compactly supported and the convergences 
(|2"6"|) one can easily pass to the limit the terms dpJ n ij) a Q^ and dpJnipaQ^ strongly in L 2 (0,T;L 2 ). Indeed 
we have: 

df,J n 1) a Qg> - dp1> a Qcn = (ppJni> a ~ fl^«) + fyV»a " Qa 7 ) (27) 

" v. ' " v ' 

I II 

and the first term, I, converges to 0, strongly in £ 2 (0, T; L 2 ) because ip is smooth and compactly supported, 
hence dpJ n ip — dpip converges to zero in any Li(0,T;D>) and is bounded in L°° in time and IP in space 
(l<p<ooif<i = 2 and 2<p<6if<i = 3, due to the bounds (|23[) 1. On the other hand the second term XL 
converges strongly to zero in L 2 (0, T; L 2 ) because of (|2"6"j) and the fact that ip is compactly supported. 

Relations ([H give that AQ^ , AQ$ converges weakly in L 2 (0, T; L 2 ). Thus we get convergence to the 
limit term 

/>00 P |>00 /> 

L / / {AQ l[j ){d [j ^ a Q ai )dxdt - L / / (AQ aj )(dpip a Qr r p)dxdt 
Jo JR d Jo Jr<* 

= L f f {AQ lfj ){d^ a Q ai )dxdt-L f f {AQ ai ){d fi i> a Q lP )dxdt. (28) 

JO JM d JO J«. d 

Another type of term that could cause difficulties in passing to the limit is a part of the term in last line 
of (|2"5"j) namely 

{j n (Q i ^J n {Q ( ^AQ ( ^))^)dxdt= f f Q$AQ$J n (j n ^ a , Q^)dxdt (29) 

J J K 



<s 



In order to treat this term we claim first that 

\\Q^Jn(j n i>a,pQ^i) ~ Q$J n 1> a ,f>Q ( $\\v>iO,T { V>) (30) 

Indeed we have 

\\Q$Jn(jnTpa,pQ { $) ~ Q$ J*1> a ,flQ<$\\v<f i ,T t V>) < II II L°° (0,T;^) II Jn ~ Id\\ L *^ L * || J„(V^)Q (ra) |U=(0,T^) 

< ||Q (n) ||L»(0,T;^)|| Jn - /d|U^||Jn(VV')|Uoo ( o,T;^)||Q (n) |U 2 (0 ) r ; L6 ) -> (31) 

where we denoted || J n — Id\\ ^i^^i the norm of the operator J n — Id acting on L 4 and used the fact that this 
norm converges to zero, together with the bounds (|2"3")l . Thus we have the claim (|3"U|) . 

Using a decomposition as in ([27)) with Q^Q^p instead of we get that Q$ J n ^a,pQa} converges 
strongly, in L 2 (0,T; L 2 ) to Q 1 sipa,fsQai3- This, together with (f3Ul) ensures that 

HQ^JnfjnVa^Q^J ~ Q-ySlparfQafi \\ L*(0,T;L*) ~> (32) 

Relations (gHJ) give that , converges weakly in L 2 (0,T;L 2 ). Thus we get convergence to the limit 

term 

Q 1 slS.Q 1 s1pa,l3Qapdxdt = I I Q 7 S^-Q-ySlpa,pQaP dx dt (33) 

JO JR d 

□ 

4 Higher regularity in 2D, using the dissipation principle 

In this section we restrict ourselves to dimension two and show that starting from an initial data with some 
higher regularity, we can obtain more regular solutions. More precisely, we have: 

Theorem 1. Let s > and (Q,u) £ H S+1 (R 2 ) x H S (R 2 ). There exists a global a solution (Q(t,x),u(t,x)) 
of the system Q), with restriction subject to initial conditions 

Q(0, x) = Q(x), u(0,x) = u(x) 

and Q £ £ 2 oc (R + ;£P+ 2 (R 2 )) n L™ C (R+; H S+1 (R 2 )), u £ L 2 oc (R+; H S+1 (R 2 ) n L^ C (R+;H S ). Moreover, we 
have: 

e Ct 

L\\VQ(t, + \Ht, 0||^(b») < C(e + ||<5||ir.+i(H») + NU^))' (34) 

where the constant C depends only on Q, u, a, b, c, T and L. If £ = the increase in time of the norms above 
can be made to be only doubly exponential. 

The proof of the theorem is mainly based on H s energy estimates and the following cancelation (that is 
also used implicitly in showing the dissipation of the energy in Proposition [1} : 

Lemma 1. For any symmetric matrices Q',Q £ M. dxd and Sl a p = \{u a ,j3 — W/3,a) £ M dxc ' (decaying fast 
enough at infinity so that we can integrate by parts, in the formula below, without boundary terms) we have: 

[ tr({QQ' - Q'Q)AQ) dx - [ fy(Q' AQ 7/J - AQ a7 Q')u a dx = 
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Proof. We note that 



/ tx{{Q.Q' - Q'Q)AQ) dx = j il ai Q' lp AQ Pa - Q' aj Ct 7 pAQp a = Q, a ^Q' jp AQp ol + Q, M Q' lct AQ a0 

= 2 tr(OQ'AQ) dx = / u a ^Q'p 1 AQ ia dx- j up^ a Q'p 1 AQ ia dx (35) 
jR d Jm d JM d 

V v ' " v ' 

and on the other hand 

- / dp{Q' ai AQ 1 p)u a = / Q' ai AQ 1 pdpu a = / Q'p y AQ^ a d a up = I 2 

JM d JWL d JM d 

/ dp(AQ ai Q' p)u a = - j Q' 01 AQ ia dpu a = -h 

JR d JS. d 



and also 



which finishes the proof. □ 

Remark 1. The main point in the proof of the theorem is to use the previous lemma to eliminate the highest 
derivatives in u in the first equation of the system and the highest derivatives in Q in the second equation 
of the system. The proof could have been done, alternatively, by differentiating the equations k > 1 times and 
using the previous lemma. However that would have required estimating some delicate commutators and would 
have restricted the initial data to (Q,u) £ H 2 x H 1 . The Littlewood-Paley approach that we use allows for 
(Q,u) £ H s+1 x H s with s > 0. 

In order to prove the theorem we need to introduce some technical preliminaries: 
4.1 Littlewood-Paley theory 

We define C to be the ring of center 0, of small radius 1/2 and great radius 2. There exist two nonnegative 
radial functions x an d f belonging respectively to V{B{Q, 1)) and to T>(C) so that 

x(0 + $>(2-«0 = l,V£eM d (36) 

q>0 

\p ~ q\ > 2 Supp ip(2-*-) n Supp ip{2~ p -) = 0. (37) 
For instance, one can take \ £ T>(B(0, 1)) such that x = 1 on B(0, 1/2) and take 

v(0 = x(£/2)-x(0- 

Then, we are able to define the Littlewood-Paley decomposition. Let us denote by T the Fourier transform 
on K d . Let h, h, A q , S q (q £ Z) be defined as follows: 

h = J-^ 1 (p and h = J r ~ 1 x, 
A q u = F-^^^Fu) = 2« d J h(2«y)u(x - y)dy, 

S q u = F- 1 ( x (2- q 0^) =2 9d / h(2«y)u(x - y)dy. 
We recall that for two appropriately smooth functions a and b we have Bony's paraproduct decomposition 

ab = T a b + T b a + R{a, b) (38) 
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where 

T a b = S g '-iaA q 'b, T b a = y~] S q >-ibA q >a and R(a, b) = ^ A q >aA q > +i b. 



ie{o,±i} 



Then we have 



A q (ab) = A q T a b + A q T b a + A q R(a, b) = A q T a b + A q R(a, b) (39) 
where R(a, b) = T&a + R(a, b) = S g / S q >+ 2 bA q >a. Moreover: 

A q (ab) = E\ q ,_ q \< 5 A q (S q >-iaA q >b) + Y> q , >q ^ 5 A q (S ql+2 bA ql a) 

= S|g'_g|<5[A g , S q >~ia]A q ib + 5}\ q /_ q \< 5 S q >-iaA q A q /b + Yi q > >q ^ 5 A q (S q i +2 bA q >a) 

= S| g /_ g |< 5 [A g , S q i-\a]A q ib + S| (J /_ (? |<5(5q'_ia — S q -ia)A q A q >b 

+Y lql>q ^ b A q (S q > +2 bA ql a) + T,\ q ,_ q \< 5 S q -iaA q A q ,b (40) 

s v ' 

= S q -iaA q b 

In terms of this decomposition we can express the Sobolcv norm of an element u in the space H s as: 



l^ = (l|5 «ll! 2 +E 229S ll A 



2 \V2 



<?eN 

We will use the following well-known estimates: 
Lemma 2. (11 O f . 11 1 $ ) (i) (Bernstein inequalities) 

2- q \\VS q u\\ LP < C||m|| Lp ,V1 < p < oo 

||A 9 u|| L p < C2"«||A 9 Vm|| L p < C||A 9 u|| LP ,Vl < p < oo 
(ii) (Bernstein inequalities) 

\\A q u\\ Lb < 2 d ^-^«||A 9U || La , for b > a > 1 
II < 2 d ^-^«||5 9U || L ., for b > a > 1 

(ii) (commutator estimate) 

\\[A q ,u]v\\ LP <C2-«\\Vu\\ L 4v\\ L . (41) 
wzi/i ~ = i + i. TTie constant C depends only on the function cp used in defining A q but not on p, r, s. 
Proof: For the commutator estimate we begin by writing 

[A„ u]v{x) = A q (uv)(x) - u(x)A q v(x) = 2 qd J h(2 q y)(u(x - y) - u{x))v{x - y)dy 

= -2 qd [ [ h(2 q y)yVu(x - ry)v{x - y)dydr 

JR d JO 

= -2~ q h 2 i{y)Vu{x — ry)v(x — y)dydr, 

jR d x[0,l] 

where h(y) = yh(y) € S(R d ) d and h\(y) = X d h(Xy). Using the Cauchy-Schwartz inequality and a change of 
variables, we get 

|[A„u]t;(x)|<2-« f ( [ \h 2 *(yWu(x-TypdyY ( [ \h 2 « (y)\v(x ~ y)\% dy) ' dr 

JO \JR d J \JR d / 

^ EE 

= 2~ q f ( f \h 2qr - l (y)\\\7u(x-y)\Uy) r ( f \h 2 «(y)\v(x - ypdyY dr. 
Jo \Jm d J \Jm d J 
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Taking the L p norm in the x variable, using the Cauchy-Schwartz inequality in the x variable and convolution 
estimates we obtain 

||[A„u]«||£, < 2 ~ q (J Q \\\h«T-i\*\Vu\^\i P dT\\\h 2a \*\v\% 
< 2-i\\h\\ L1 \\Vu\\ L r\\v\\ Ls , 
so the constant in the inequality is C = H^Hl 1 and it does not depend on p, r, s. 

4.2 Proof of theorem Q] 

Step 1. Estimates of the high frequencies 

We apply A q to the first equation in (QJ and use the decomposition (|4T)j) to expand A 9 (f2 a7 (2 7/ 3), A q {D ai Q 1 p) 
(and A q (Q ai Vt lB ), A q {Q ai D lB ) as A q VL ai S q - 1 Q 1 g, S q -iQ lB A q D ai (respectively S q -iQ a ^A q Q^p, S q -iQ ai A q D lB ) 
plus corrections. We also expand A q (Q a ptr(Q'Vu)) as S q -iQ aB S q -iQ^sA q u 7i s phis corrections (by applying 
the formula (j4"0)) twice) and we get: 

d t A q Q a p — TLAA q Q aB — A q Vl ai S q -iQ 1 g + S , 9 _iQ a7 A g ^ 7( g — ( > S q -\Q 1 gA q D ai — £S q -iQ ai AqDyg 

-£A q D a/3 + 2^S q -iQ a i 3 S q -iQ 1 sAqU 1 .s + ^ Q/3 A g (tr(QVw)) = (7q) q/3 

where Tq denotes the sum of the correction terms mentioned before together with some other terms that are 
easy to estimate using the apriori bounds in Proposition O These terms are described in the Appendix A. 
Multiplying the previous equation by — LAA q Q aB and integrating over R 2 and by parts we obtain: 

|d 4 ||VA 9 Q|| 2 2 +ri 2 j|AA,Q|| 2 2 +L J A q n ay Sq^Q lB AA q Q aB - L j Stj-lQa^AqVL^gAAqQaft 

+ L( J Sq^lQ^pAqDayAAqQafj + L£ J S 'q-lQ ay A q D 7 pAA q Q a g 

+L£ J AqDapAAqQap - 2L£ J S q - 1 Q a3 A A q Q afj S q - i Q 7<5 A q u^ 5 = ( - LAA q Q aB , (Tq) q/3 ) (42) 

where the terms on the right hand side are described in the Appendix A. 

We apply A q to the second equation in ^ and use the decomposition (|4T)]) to expand A q (Q ai AQ lB 
(respectively A q (AQ a ~ 1 Q lB )) as S q -iQ ai A q AQ lB (respectively A q AQ ai S q -iQ lB ) plus correction terms. 
We also expand A q (Q aB tT(QAQ)) as Sq-iQ aB S q -iQ^sAqAQ 7 s plus corrections (by applying the formula 
(|40j) twice) and we get: 

we get: 

d t A q u a - vAA q u a = d a A q p + Ldg (Sq^lQ al A q AQ 1 p - A q AQ al Sq-lQ lB ) 
— L^dg^Sq-lQa^AqAQ^g + AqAQajSq-lQ-f/g — 2S q - 1 Q a g Sq- 1 Q 1 s A A q Q 1 s) 

-idg(LA q AQ aP - S a gA q (tv(QH)) + (%) a 

where T u denotes the sum of the correction terms mentioned before together with some other terms that are 
easy to estimate using the apriori bounds in Proposition [5J These term are described in the Appendix A. 
We multiply the last equation by A q u a , integrate over R 2 and by parts to obtain: 

-a t ||A gU || 2 2 + H|A g V U || 2 2 +L J Sq—lQa,yAqAQjgAqU a g L j Aq AQ a ~ySq— Aqll a ^ 

— ^(J •5<?-i ( 3a7AgA(5 7 ^A g w Qj( 3 + J AqAQa^Sq-iQ^gAqUajg — 2 J S q -xQa/3S q -iQ^sA q AQ 7 gA q u a! p\ 

-£L J A q AQ a gA q u aJ3 = ((7i) a ,A g u a ) (43) 
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Summing (|42)l and (|43| and using Lemma [T]we get: 



(^||VA 9 Q|| 2 L2 + i||A 9U ||i 2 



\A q Vu\\ 2 L2 +TL 2 \\AA q Q\\ 2 L2 



LAA q Q a0 ,(T Q ) „) + ((%) a ,A q 



We denote by ip(t) d = L\\VQ\\ 2 HS + \\u\\ 2 HS with Vl {t) d = L\\S Q \7Q\\ 2 L2 + \\S u\\ 2 L2 the low-frequency part 

def 

of ip and 932 (*) = f(t) — fi(t) the high-frequency part of (p. 

The last inequality leads to the following estimate, that holds for any eg (0, -|) and whose technical proof 
is postponed to Appendix B: 



\j t ^ + E 2295 (^11 AA 9 Q|| 2 L2 + ~||VA ?U ||| 2 

< c(l + ||V«||| a + ||u||£ a ||Vu||i a + l|VQ||| 2 ||AQ||| 2 )(||Vg||l, + \\u\\ 2 HS ) 

+C{\\Q\\v + \\Q\\ 2 Li ) 2 \\VQ\\ 2 Hs 
VtiHi, + ||«||i 3 ||V«||| a + llVQII^IIAQH^dlVQII^ + || U || 2 HS ) 



-^l|AQ|| 2 Hs + ^||V.||l, + e 2 C( 



-e 2 c (i + ||Q|||.||v M ||l 2 )||vg||^+^||g||^7_\M|vo|| 2 ^ 

+e 2 C(l|VQ|U||Q||^) T ^|| W || 2 ?0 (44) 



where the constant C is independent of £. 



Step ^. Estimates of the low frequencies 

This is much easier than the previous step. We apply the operator So to the first equation in Q , multiply 
by — LSoAQ a p, take the trace, integrate over M. 2 and by parts and we get: 



-d t ||SoVQ|| 2 2 +rL 2 ||ASoQ||i 2 < ||«|| L «||VQ|| L «||A5oQ|U» + C||5o(QV«)|| ia 



+L\\S (-aQ + b[Q 2 - t ^l 



Id] - cQtr(Q 2 ))|| 



L- 



-Ct;\\So(VuQ)\\ L2 \\AS a Q\\ L 2 + CZ\\S (Vu)\\ l 4AS Q\\l* + C^\\S Q (Q 2 Wu)\\ L2 
< C|| M ||J 2 ||V M ||J 2 ||VQ||J 2 ||A0||J 2 ||AS Q|| L2 +C\\QVu\\ L i 

+C\\ -aQ + b[Q 2 t -^p-Id] - cQtr(Q 2 )|| 2 2 + ^ 



A5 Q| 



L- 



+C% 2 (\\VuQ\ 



L 1 



l|Vu|| 



S AQ\ L 2 
So AQ | L . 
ASoQI 

ASoQI v 
|Q 2 V U || 2 L1 ) 



hence 



2^l|5oVQ!| 2 2 + — ||AS Q|| 2 2 < q|u||£ 3 ||Vu||£ a + q|VQ|| 2 2 ||AQ|| 2 2 + ||Q|| 2 2 ||V U || 2 2 

+c(\\Q\\h + WQWh + HOIIi.) + ^ 2 (i + \\Q\\h + !IQIIi4)||v M || 2 2 (45) 
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We aply So to the second equation in (j4|), multiply by Sou and integrate over R 2 and by parts to obtain: 

^HSbulliii + v\\VS u\\l a < \\So(uVu)\\ L 2\\S u\\ L 2 + C||S*o(VQAQ)|| L2 ||5 oU || L 2 + C\\So(QAQ)\\ L2 \\S Vu\\ L2 

+C£||S ((Q + Q 2 )(LAQ - aQ + b[Q 2 - ^p-Id] - cQtr(Q 2 )))|| i ,||5 V M || i2 

+CZ\\S Q (LAQ -aQ + b[Q 2 - - cQtr(Q 2 )) || L 2||S Vu|| La 

< C||uVu||i I + C\\S a u\\ 2 L2 + C\\VQAQ\\ 2 L1 + C\\S u\\ 2 L2 + C\\QAQ\\ 2 Ll + p5 Vu|| 2 2 



hence 



(i + \\q\\ l i + \\q\\D\\aq\\ 2 l2 + J2\\Q\\1> 

i=2 



\d t \\Sou\\ 2 L2 + ^\\VS u\\ 2 L2 < q|«||i»||V«||i a + C||VQ||| 2 ||AQ||| 2 + C\\Q\\ 2 L2 \\AQ\\ 2 L2 + C\\S u\\ 2 L2 

5 

+Ce [(1 + + ||Q|| 4 L4 )||AQ||i 2 + WQWi] (46) 

3=2 

Summing (|4"5)l and (|4"6"| we obtain: 

v YT 2 

dm + 2 l|V^!| 2 L2 + — ||A5 Q||i2 < C<p + m(t) + f^t) (47) 

where 

m(t) <=/ Cr(||u||£ a ||Vu||£ a + ||VQ||£ a ||AQ||£ 2 + ||Q||M|AQ|| 2 3 + ||Q||| a ||V«||i a + ||Q||£ a + ||Q|| 4 L 4 + ||g|| 6 L a 
and 

n(t) = f (1 + ||Q||£ a + ||Q||iOI|Vu||i a + (1 + \\Q\\v> + IIQIIiOIIAQHi, + £ IIQIll, 

3=2 

5*iep 5. XTie estimates of the high norms 
Summing (|4"4")l and (|4"T)) we obtain: 

^'(<) < C (l + ||V«||i a + HttlliallVtilli, + ||VQ|| 2 2 ||AQ|| 2 2 + ||Q||| 2 + ||Q||1 4 ) v {t) + m(t) 



= «(*) 



4 

-C£ 2 (l + ||Vu||£ a + ||«||^||V U ||| a + ||VQ||i 2 ||AQ||i 2 + J2 \\Q\\%) ¥>(*) 



3=1 



+e 2 q|Q|| 2 L ,c||Vu|| 2 2 ^(t) + e 2 c(||vQ|| if HQIU-) A v»(t) + £ 2 ™W 

where w(t), f(f ), ?7i(t) and n(i) are, by Proposition [21 apriori bounded in L 2 {0, T), and increasing exponentially 
in time. 

If £ = the above estimates together with Gronwall's lemma show that (p increases like e e for an 
appropriate constant c > 0. 
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In the general case, when £ ^ we start by recalling use a fundamental ingredient in the global existence, 
namely the logarithmic estimate (see [4]), for s > 0, 



\\Qh~ <\\Q\\m\ Me + ^MP 11 ), 



and be denoting f(t) d = ||Q||^i and we obtain 



tf?(t) < C[u(t) + &(t)) <p(t) + m(t) 
HCf(t)\\Vu\\l 2 ln(e + ^==Mt) + £C(||VQ|| 2 \\Q\\ L ^^{t) + £ 2 n(<) 

v / w 

Observing that the function = a;ln(e + is increasing the last relation implies: 



p'(t)<C[u(t) + tv{t))<p(!k) + m(t) 
HC(l + f(t))\\^\\lMt)(He + f(t))) +tC(\\VQ\\ L z\\Q\\ L ~)^<p(t)+en(t) (48) 
On the other hand, by using the interpolation inequality (see [5], and also |24) . Lemma 10): 



Igh^^c^WgwU^aW'J (49) 



we get: 



VQ|| ;7 < - ||VQ||T^||AQ||i 2 < - (1 + llVQUiOIIAQIIi, 



L 

where for the last inequality we assumed < e < \ 
Then (l48l) becomes: 



ip'(t) < C\u(t) + £v(t)) tp{t) + m(t) 
+£C(1 + /(t))||Vu||£ a¥ >(t)(]n(e + <p(t)j) + e<t) 



£C(1 + /(t))||AQ||| 2 [(1 + /(*)) ln(e + p(t))] ^ ^ ~ ¥>(*) (50) 

Observing that the constants in the interpolation inequality (|49p and in the commutator estimate (|4ip do not 
depend on the space L p that we work with and denoting N = ln(e + y>) we choose 

e ^(1 + lnTV)- 1 

and observing that [iV(l + lnA^)] 1+ 's 1 N < CN(1 + In AT) for some constant C independent of N, the last 
inequality becomes: 



<p'(t) < C[u(t)+£v(t))ip(t) + m(t) 
<C(1 + f(t))\\Vu\\lMt)(He + <p(t)j) + e<t) 



HC(1 + f(t)) 3 \\AQ\\lMt) In (e + tp(t)) (l + ln(e + ln(y>(t) + e))) (51) 



□ 
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5 Weak- Strong uniqueness in 2D 

In this section we consider a global weak solution and a strong one, starting from the same initial data 
(Q,u) G H S+1 (R 2 ) x H S (R 2 ) with s > and we show that they are the same. More precisely: 

Proposition 4. Let (Q,u) G H S+1 (R 2 ) x H S (R 2 ) with s > 0. By Proposition [3] there exists a weak solution 
(Qi,U\) of the system Q), subject to restriction ^ and starting from initial data (Q,u), such that 

Q 1 eL^ c (R + ;H 1 (R 2 ))nL 2 oc (R + ;H 2 (R 2 )) and Ul G L% C (R + ; L 2 (R 2 )) n L 2 oc (R+; H 1 (K 2 )) (52) 
Theorem {Ogives the existence of a strong solution (Q2jW 2 ) such that 



Q 2 G L^ c (R+;i/ s+1 (R 2 )niL(K+;^ s+2 (R 2 )) «2 G L°°(R + ; i/ s (M 2 )) n L 2 (M+: F S+1 (M 2 )) (53) 

™f/i s > and the same initial data (Q,u) € H S+1 (R 2 ) x H S (R 2 ). Then (Qi,iti) = (<3 2 ,w 2 ). 

Proof. We denote by <5Q = Qi — Q2 and <Su = u\ — U2 which verify the following system 

(d t + 5uV)SQ - SnSQ + SQSn + SuVQ 2 + u 2 V5Q + Q 2 Sn + 5QVL 2 - 5VLQ 2 - n 2 6Q 
-£[8D6Q + SQSD + SD- 2{SQ + §Jd)tr(£QV£u)] 
-Z[8DQ 3 + D 2 SQ + 5QD 2 + Q 2 SD - tr{5QVu 2 )Id - tT(Q 2 VSu)Id} 

-2£[SQtr(5QVu 2 ) + 5Qtr(Q 2 V5u) + <5Qtr(Q 2 Vu 2 ) + Q 2 tT(8QVSu) + Q 2 tr(<5QVu 2 ) + Q 2 tr(Q 2 V<5u)] 
= T (LASQ - a5Q + b[SQQ 1 + Q 2 8Q - tr (^+^Q) _ c SQtr(Q 2 ) - cQ 2 [tr(Qx8Q + SQQ 2 )] 



d t Su + V(8u\78u) = vA5u - LV(V ■ (V8QV8Q - \\V8Q\ 2 )) + LV(V ■ (SQASQ - ASQ5Q)) 
-£V • [8Q8H + 8H8Q + 8H - 2{SQ + \ld)tx{8Q8H)] 

-V{u 2 W8u + 8uVu 2 ) - LV [v ■ ([V5QVQ 2 + VQ 2 V8Q) - ±tr(V<SQVQ 2 + Q 2 V8Q)ld 
-£V • [8QH 2 + Q 2 8H + 8HQ2 + H 2 SQ - tT(SQH 2 )Id - (Q 2 SH)Id] 

-2£V • [8Qtx{8QH 2 ) + 8Qtr{Q 2 8H) + Q 2 tv(8Q8H) + Q 2 tr(Q 2 8H) + Q 2 tx{8QH 2 ) + <5Qtr(Q 2 .ff 2 )] 
+LV(V ■ {8QAQ2 + Q2A8Q - A8QQ2 - AQ28Q)) 

We proceed similarly as in the proof of Proposition [TJ namely we multiply the first equation in (|54p to the 
right by — LASQ + SQ, integrate over M 2 and by parts, take the trace and sum with the second equation in 
(|54l) multiplied by Su and integrated over R 2 and by parts. Taking into account the cancellations analogous 
to the ones in (fTTj) we obtain: 

4 / ^\VSQ(x)\ 2 + l\SQ(x)\ 2 + l\Su(x)\ 2 dx+ [ v\VSu(x)\ 2 +TL 2 \ASQ(x)\ 2 dx 

dt J R 2 I II J R 2 

= L tr([8uVQ2 + u2V8Q + 8Qn2-n 2 5Q]ASQ)dx + L trf [Q 2 8Sl - 8flQ 2 ] ASQ) dx 
Jr 2 ^ ' Jr 2 \ ' 



- £L / [SDQ 2 + Q 2 SD]A5Q dx -£L / [D 2 8Q + 5QD 2 ]ASQ dx 
Jr 2 Jr 2 
v ' 

B 

2£_L [ [<5gtr(Q 2 V(5u) + Q 2 tT(SQVSu) + Q 2 tT(Q 2 VSu)] ASQ dx 



-2£L [ [6Qti(6QVu 2 ) + <5Qtr(Q 2 Vw 2 ) + Q 2 tx{8QWu 2 )] ASQ dx 
Jr 2 

H I [8DQ2 + D 2 SQ + 8QD 2 + Q 2 SD]SQ dx 
Jr 2 

+2£ / [SQtr(5QX7u 2 ) + 8Qtr(Q 2 VSu) + Q 2 tr(SQVSu) + 5Qtr(Q 2 Vu 2 ) + Q 2 tr(<5QVu 2 ) + g 2 tr(Q 2 VSu)] SQ dx 
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-aTL \VSQ(x)\ 2 dx - bTL / tr((SQ(x)Q 1 {x) + Q 2 (x)SQ(x))ASQ(x)) dx 
Jr 2 Jr 2 ^ ' 

+cTL I tx{8QA8Q)tx{Q 2 )dx + cTL [ tT(Q 2 ASQ)ti{Q 1 SQ + SQQ 2 ) dx 
Js. 2 Jr 2 

tr(5uVQ 2 5Q) dx - / tr(Q 2 Sn5Q) dx - / tr(5Qn 2 6Q)dx 
i 2 Jr 2 Jr 2 

v * ' 

i 

+ [ tr (SrtQ 2 5Q) dx + [ tr(Q 2 (£Q) 2 ) dx -TL [ \\7Q\ 2 dx 
Jr 2 Jr 2 Jr 2 



xx 



-aT [ \6Q\ 2 dx + bT [ tx{5QQ x 8Q + Q 2 (SQ) 2 ) dx 
Jr 2 Jr 2 

-cT [ tiiQtflSQfdx-cT [ tr(Q a <SQ)tr(Q 1( 5Q + SQQ 2 ) dx 
Jr 2 Jr 2 

/ (u 2 W5u + SuWu 2 )Su dx + L / (V<5QVQ 2 + WQ 2 WSQ) ■ W5u dx 

Jr 2 Jr 2 

+f / [SQSF + SF5Q + SF- 25Qtr(6Q5F)] ■ V5u dx 
Jr 2 

Li\ [Q 2 5AQ + 5AQQ 2 ] ■ S76u dx +f [ [Q 2 SF + SFQ 2 ] ■ VSudx 
Jr 2 Jr 2 



EE 



+f [ [6QH 2 + H 2 5Q] -VSudx 

Jr 2 

2£L [ [5Qtr{Q 2 5AQ) + Q 2 tr(5Q5AQ) + QMQ 2 8AQ)} ■ V5u dx 
Jr 2 



cc 



+2f / [5Qti{Q 2 5F) + Q 2 tx(SQSF) + QMQ 2 SF)} ■ \75u dx 
Jr 2 

+2£ J [5Qtr(6QH 2 ) + Q 2 tr(SQH 2 ) + 6Qtr(Q 2 H 2 )] ■ Vdudx 

-L [ (dQAQ 2 - AQ 2 Sq) ■ VSudx -L [ (q 2 ASQ - ASQQ 2 ) ■ VSudx 
Jr 2 ^ ' Jr 2 ^ ' 

AA 

Let us observe that Lemma [T]implies A—AA = and that one can easily show B—BB = and C —CC 
Also I + II = and then we easily obtain 

\j t (L\\WQ\\l 2 + ¥Q\\h + IIHiO + rL 2 !|A<5g||i 2 + v\\vsu\\ 2 La < L||A*Q|| La ||HM|VQ a |U« 

+L|| U2 || L 4||V<5Q|| L 4||A ( 5gi| L 2 + 2(1 + |£|)L||<JQ|| 2 1|0 2 || , \\A5Q\\ L , 
+2|e|L||<5Q|| 2 4!|V U2 j| 2 \\ASQ\\ L 2+^\L\\Q 2 \\ L ^\\SQ\\ r a||V« a || 2 \\A5Q\\ L 2 + \H\\\\7u 2 \\ L 2\\5Q\\ 2 Li 

+2|fl||«2||* } ||Vu 2 || J . T ij ||«Q||^ + 2|e|||Q 2 || L »||JQ||2 4 ||vHI^ + 2|f|||u2||L«||*Q||l.||VH£ a 

+4|f|||g 2 ||L^||<5g|| 2 4 ||V U2 || L2 +2|f|||Q a ||i«||*Q|| La ||V*«|U a 
\a\TL\\V6Q\\ 2 L2 + |&|rL||A*Q|| i ,||<yQ|| J> ||Q 1 || £ 4 + |6|ri||Q a || £ -pQ|| £a ||A*Q|U a 
+ C rL||5Q|| L 4||A5Q!| L2 j|Q 1 ||i 8 + c rL||Q 2 || i o.||A5Q|| L2 (||Q 1 || L 4 + ||Q 2 || i 4)||5Q!| L 4 

+ l|VQ2||L 1 ||«Jw||^||<JQ||L2+2(l + |f|)||Q a || L c.||VHU»II^IU» 
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■£( \\6Q\\ L 2\\\76u\\ L 2 + + !|Q 2 ||^)ll^||^l|Vfe|| L 2 + (\\QiWie + ||Q2||2.)||*Q|| £ .||VHIi' 

3 s 3 



<[ ECHQilli* + WQ»Wi« ¥Qh4^su\\v + £(IIQilli« + \\Q4U)\\sQ\\h\m\^ 

^3=1 J 3=1 

+4|eillQa|U-(H||Q a |U- + |&|||Qa||i- + |c|||Q a ||ic.)||<yQ|| L >||VHU» 
+|a|r||<5Q||i 2 +r(|6| + c ||Q 2 ||^)(||Q 1 || i2 + ||g 2 || i2 )||«50||2 4 



+2|C|||Q 2 |U= ( HIIJQIU* + (|6|(||Qi||^ + HQslU*) + |c|(||Qi||i. + ||Q a ||i. + ||Q 1 ||i.||Qa|U.)||*Q|U«J ||V<Ju||i" 
-1-21^1^11^11^3 ||^<3 2 || iT ^_ H- 2[e|||<32|U~ ^|«|||^<5IU 3 -I- (IfoMIOalU- -1- jc|||<52|U~ NOall^) ||^<3||x,*J II^^IU^ 

+2|e|(||g 2 ||ic.||«Q||L«||VHU» + 2||Qa|U-||«Q||i8||VHU0 x 
x |a| + l&KHQilU* + HOalU*) + c(||Qi||i. + ||Q 2 ||£. + HOxlU-HQalU-) 
2|£|L||5Q||f 4 (|a|||Q a || £ ~ + |6|||Q a ||i- + |c|||Q 2 ||i-) + 4|e&IIQa|U-||AQ 2 || j . T *_ ||5Q|| if \\V5u\\ L * 
+ \\8u\\ 2 Li \\Vu 2 \\ L 2 +2L||VQ 2 || L 4||V5Q|| L 4||V5 U || L 2+2L||AQ 2 || . \\SQ\\ a ||V<fu|U a 

L 1 — s ±j s 

Using that \\6Q\\ L g < ^||<5Q||^ 2 ||V5Q||^ S and H^all ^ < C\\ u 2 ||jji+s, we obtain the estimate by 

< -IIVHI 2 ^ + ^||A^o|| 2 L2 + c (||v W2 || 2 lA + IIvq,!! 2 ^) ||HI 2 ^ 



Jl 

+C ( 1 + ||Q 2 j|^ + HVualli- + ||VQ 2 ||^ + ||Q 2 ||^ + ||AQ a ||^ ) \\5Q\\h + C ( l+||tta||io. + ||VQ 2 || 2 „ ) \\V8Q\\l 2 



Jl Jz 

+C ( HQxIII. + HQxHt. + NOallioo (HQilli- + ||g 2 ||iO +r(|6| +c||Q 2 || i .)(|!Q 1 || i2 + ||Q 2 || L2 ) ) \\5Q\\% 



C(l + llVualll, + IIQallloo + ||Q 2 ||i„ || Vu 2 \\\ 2 + ||Q a ||£oo||*Q||£0 ||<5Q||| 4 

V v ' 



C(l + 110211!,= + IIQallloo) (l + £(||Qi||^ + ||Q 2 ||&)) \\5Q\\h +C(l + £(||Qi||& + IIQ 2 |lii)) 2 ||<yQ||i. 

V 3=1 J 3=1 

V v ' " v ' 

J& J-r 

c(i+ imimi*qh£. + n<yQiii.(iiQ a |ii- + u<? 2 |ii~) (1 + iiQiiii* + hq 2 ||£, + iiQxiil- + iiq 2 || 4 ls )) \\sq\ 



lie 
Js 

c(||g 2 ||i^||v U2 || 2 2 +||Ag 2 || 2 2 +||Q 2 ||! o||Ag 2 || 2 2 ) \\sq\\\ +c\\wu 2 \\ 2 2(i + \\sq\\ 2 t± )\\sq\\\ (55) 

v v 

We are in 2D so ||«JQ||^, ||tfQ||£., ||<5Q||£ 8 , ll<5Q|| 2 4 , ||<5Q|| 2 2 are controlled by ||5Q|| 2 2 + ||V5Q||£ a . The 



hypothesis, namely relations (|52j) and f|53[) . ensure that the terms J7i,i = 1,...,10 are integrable in time 
(choosing e > sufficiently small, depending on s) thus using the last inequality and Gronwall Lemma we 
obtain the uniqueness of the solution. □ 
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A The correction terms 

For the Q-tensor equations we have the following correction terms: 

Tq =' -A q (u 7 Q a n ) + TA q [-aQ aj3 + b ^Q Q7 Q 7 £ - ^-tr(Q 2 )^ - cQ a/3 tr(Q 2 )} 

+ ^ [A g ; S' I j'_lQ 7 /j]A ( j/^ Q7 + ^ (Sq'-lQ^p — Sq-lQ^^AqAq/ilay + 2^ ^■q{^q'+2^a' 1 AqiQ 1 l3) 
\q'~q\<5 l«3'-<?l<5 q'>q-5 

— [A q ; Sq'-lQa^AqiQ^p — Yl^r-q^s^q'-lQa^ — Sq-lQa^AqAqifljp — A q {S q > +2^ f}A q i Q al ) 

k'-<?|<5 q'>q-5 

+£ ^ [A q ,Sq>-\Q 1 p\A q ,D ai + £, ^2 (Sq'-iQ~f/3 — S q -iQ 1 p)AqA ql D ai + £ ^ A 9 (S , 9 ' +2 -Da 7 A g /(5 7 ^) 

k'-<?l<5 \q'-q\<5 q'>q-b 

+£ 2-J Sq'-lQu~ 1 ]A q iD 1 [l + £ {Sqi-lQ al — Sq-lQa 1 )A q AqiD 1 p + t; A q {S q i + 2D 1 pA q i Q al ) 

\q'-q\<5 \q'-q\<5 q'>q-5 

-2£ ^ [A 9 ,6 , g'_iQ a ^]A g ,tr(QVw)-2^ ^ (SV-i<3a/3 - ViQ«/3) A ? A 9 ' tr (Q Vu ) 

|g'-g|<5 |g'-g|<5 

-2£ A a (fy+ a tr(QVu)A 9 ,Q a/) 

<?'>g-5 

— 2^S' g _lQ Q( g ( [&-q,Sq'-lQ~ l s\AqiU 1 ^ + (<^g' - 1 Q7<5 — 1 ) Ag A,/ U 7j( 5 

^|g'-g|<5 |g'-g|<5 



2£S q -lQ a /3 ^q(Sq> + 2U 1 ^A q iQ 1 &\ 



q'>q~5 

Then we get: 

( -LAA Q Q a ^(T Q ) a0 ) =L(A q (uVQ a0 ),AA q Q a p)-L-£ lgl - q \<5 ([A g ; S q '-iQtf]A q i£l ay , AA q Q a p) 

v ., ' ' 

dej- 
= J-1 

-iS| g /_ g |<5 ((Sq'-lQjp — Sq-lQ 1 p)AqAqiD, al ,AA q Q a p) 



def 
— J-1 



= J-3 



L T, q i >q _ 5 (A q (Sg'^QayAqiQjp) , AA q Q a p) +L S| g /_ 9 |< 5 ([A 9 ; S q '-iQ ai ]A q 'Q, 1 j3, AA q Q a p) 



def 
— -^-5 



-L S| g /_ 9 |< 5 ((Sqi -lQaf — Sq-lQa^AqAqiQ^p, AA q Q a p) +L S g / >( j_5 (Ag {Sq'+2^pA q iQ al )) , AA q Q a p) 



' 1 — 



— -Le 



- LT (A q [-aQ a p + bQ ai Q lP - cQ Q(3 tr(Q 2 )], AA q Q af ^ 
v * ' 

def-. 

= J-s 

-14 J2 ([&q,S q >-iQ^]A q ,D a7 ,AA q Q a i^-L(, ((SV-iQ 7/3 - S q - 1 Q lP )A q A q ,D a7 , AA 9 Q Q(3 ) 



|g'-g|<5 |g'-g|<5 



■14 J2 (&q(S q '+2D ay A q ,Q y0 ),AA q Q af ^-L£ J2 ([Aq,S q '-iQ ay }A q ,D^,A q AQ at 



q'>q-5 |g'-g|<5 
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L£ ^2 (S q '-xQ ai — Sq-iQa^AqAqi Dyp, A q AQ a p\ — L£ ^ yA q {S q i + 2D 1 pA q iQ ai ) 1 A q AQ a p 

|g'-g|<5 q'>q-5 



+2L£ {[\,S q '-iQ a ^]A q ,ti(QVu),A q AQ a ^j+2L^ ^ ((Sg'-iQa/j - S q - X Q a? )A q A q ,ti{QVu) : AA q Q afi 

|g'-g|<5 |g'-«|<5 



-2L£_ [\{S q >+2tr(QVu)A q ,Q af; ),A q AQ al3 ) +2L£,(s q - 1 Q a0 ( ^ [A g , S q >-iQ 1 s]A q >u 1 .s) , A q AQ a p 

<?'><?-5 ^ |g'-g|<5 



-2LM ^2 {Sg'-iQ^S - S q -iQ 1 s)A q A q >U 1 .s) , AA q Q a [) 

|g'-g|<5 



+2L£,[s q -iQ a i3 ^ A q {S q > +2 u 1 ,sA q >Q 1 s), A q AQ al 



q'>q-5 



The correction terms for the Navier-Stokes part are: 



(T u ) a = f -LdpA q ( d a Q 1 sdfiQ- 1 s - ^-d\Q lS dxQ 1 s ) - £A g F Q/3i/3 



-A q {u p d p u a ) - Zdp[A q (Q ai F lf }) + A q (F ai Q lf} ) -2A q (Q a ptr(QF)) 
+Ldp ^E| g '_ 9 |< 5 [A g ; S q >-iQ ai \A q > AQ 7( g + S| 9 /_ g |< 5 (»5 , g '_i(5 ct7 — S q -iQ ai )A q A ql AQ 1 p 
+Ldp(ll q > >q -5A q (S q ' + 2AQ 1 f3A q 'Q ai ) — S| g /_ 9 |< 5 [A,j; S q '-\Q 1 p\A q 'AQ ai 
— Ldp(Y.\ q i - q \<${S q ' -iQ-f/3 — S q ^iQ 1 p)A q A q > AQ a ~ / +'E q i >q - 5 A q (S q > + 2AQ a ~ / A q iQ~ / i3) 



- L^dpi ^ [A g , S q >-iQ ai ]A q t AQ 1 p + ^ {S q '~iQ ai — S q -\Q ai )A q A q 
\g'-g|<5 |g'-g|<5 

-L£dJ A q {S ql+2 AQ 10 A ql Q ai )+ ^ [A„ S q ^ 1 Q lP ]A q , AQ ai 

V g'>g-5 |g'-g|<5 

-L^dpi ^2 (Sq'-iQ^p - S q ~iQ lfS )A q A q >AQ ai + ^ A q (S ql+2 AQ ai A^Q 1 p) 

|g'-g|<5 g'>g-5 

+2i^( £ [A q ,S q ,-iQ af) )A q ,tT{QAQ)+ £ {Sf-iQ a p - S q -iQ a p)A q A q ,ti(QAQ) 
■|g'-g|<5 |g'-g|<5 

+2L£dJ J2 A q (S q/+2 tY(QAQ)A q ,Q aP ) 

^ q'>q-5 

+2L^dj3iS q ^iQ al 3 ^2 lA q ,Sq'~iQ~fs}A q >AQ 7 $ + S q -iQ a p ^ (<Sg'-iQ 7 <5 - S q -iQ 1 s)A q A ql AQ 1 s 
|g'-g|<5 |g'-g|<5 

+2Ltid fs (S q - l Q a p J2 ^q(Sq'+2AQ lS A q ,Q lS ) (56) 

g'>g-5 
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(T u ) a -,A q u c ^ = - (A q (updpu a ), A q u a ) +L J A q (^d a Q 1 &di 3 Q 1 s - ^-dxQ^dxQ^ A q u a ,{j 



def v 

- Jl def „ 

= Jl 



-L£| 9 /_ g |< 5 J [A q ; Sq'-iQa^Aqi AQjpA q u a ,p — L J S|g'_ 9 |<5(S' 9 '-iQ Q7 — S q -\Q ai )A q A q i AQ 7 pA q u a ^ 
d = f j 3 d = s J, 

— L J Y, q > >q ^ 5 A q (S q ' + 2AQ 7 pA q iQ a ^)A q u a _i3 +iS| g /_ g |< 5 J[A q ;S q '-iQ 7 p]A q 'AQ a7 A q u a ^ 



def def 
— tl/5 — JG 



-L J S| 9 /_, z |<5(5g'_i(5 7 ^ — S q -iQy(j)A q A q i AQ a7 A q u a j:j +L J Y, q i >q ^A q {S q i + 2AQ a ~ f A q iQ 1 p)A q u a ^ 



d = f J 7 d = s J s 



L£,i{ ^2 [A q ,S q/ - 1 Q a y}A q ,AQ 1 p,A q u a ^) + ( ^ (Sq>-iQ a y - S g _ 1 Q a7 )A g A g /AQ 7j g, A q u a ,p) j 



— iTlO 



+ ( X! \(S q '+2AQ^A q ,Q ai ),A q u atP ) + ( W,S q/ -iQ lfi )A ql AQ 

^ g'>9-5 |«'-«|<5 ' 

v v ' V / 

— J\\ = Jl2 

~ L £[ ( (Sq'-lQlP ~ Sq-lQ~lf3)&q&.q'&-Qa~i, &qU a ,p) + ( Ag(5q' +2 AQ Q7 A g /Q 7(3 ), A q u a ,p) 

\q'-q\<5 q'>q-5 



def def „ 



2i M( 12 [\,S q/ - 1 Q af3 }A q ,tiiQAQ),A q u aM ) + ( ^ (S q >-iQ a p - 5 g _ 1 Q Q .^)A g A g /tr(QA(5), AgUa,^) J 
^ |g'-«l<5 l«'-g|<5 ' 

— i7l5 — 

-2Lff( A q (S q , +2 tiiQAQ)A q ,Q a p),A q u a . )j-2L£,(s q - 1 Q a(S J2 [ A «> ^_iQ 7(5 ]A g ,AQ 75 , A,u„ li8 



— 2L£ ( S q ^iQ a i3 "^2 (Sq'~iQ~fS — S q -iQ~ f s)A q A q ,AQ~ f s,A q u at i 3 

\q'-q\<5 



— J\9 



-2L( I^Sq-iQap ^2 Ag(5g/ + 2AQ 7 5Ag'Q 7< 5), A q u a> p 

q'>q-5 



def ~ 
— U2Q 



"£(/ ^ q (Qa 1 F 1 p)A q u a ^ + J A q (F 0lJ Q 1 p)A q u o , i p-2 J A q (Q a ptr(QF))A q u a ^ +£ J A q F afj A q u a ^ 

" v ' V v ' " v ' 

def def def 

— J21 — U22 — J23 
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B Proof of estimate (1441 ) 



In the following, a q (t) denotes a sequence in l 2 q for alH > and b q (t) is a sequence in l q , Vi > 0, sequences 
that can change from one line to the next. Moreover || (a 9 (i)) (JgN ||i 2 , II (^<i(*)) (?eN ll; 1 < C where the constant 
C is independent of t > 0. 

|J X | = | (Aq(uVQ a p),A g AQ a p) | ® | /" S q - 1 uA q VQ Q pA q AQ aP + Y ([A g ; 5^_iu]A,/VQo^> A g AQ a| g) 

v y / k'-5fl<5 

def_ V v ' 

- Z l» def_ 

1-16 

+ Y ((S q '-iu- S q - 1 u)A q A q ,VQ a p,AA q Q afj )+ Y (A g (SV+2VQ a/j A g ^), A,AQ Q/3 ) | 

|g'-g|<5 <j'><?-5 

' . ' v ' 

dcf_ def_ 
— lie =-t-ld 

We will use frequently interpolation inequalities such as 

ll/IU^)<c||/III 2(fl2) l|v/|| 

We have 

|Xi | < C||u|M|A g VQ|M|AA,Q|| La < C2- 2 ^6 g (t)|| u ||| 2 ||V u ||| 2 ||VQ||| 3 ||Ag||| s 
On the other hand, using the commutator estimates and the Bernstein inequality from Lemma [2] we have 

|Xlb|< \\[Aq-,Sq'--LU]Aq>VQ a f3\\ L 4AqAQ afj \\ L2 < Y 2_<? II VSy_lu|| L- || VA g < Q a f) \\ L 2 \\ A q AQ a0 \\ L 2 

l«'-8l<5 k'-?l<5 

<C J2 ^\\S q >-iu\\ L 4VA q ,Q a p\\ L 2\\A q AQ al3 \\ L 2 < C\\u\\ Li b q 2- 2qs \\ VQ a p\\ HS+ 1 1| AQ af} \\ H s 

l?'-9l<5 

<C|| U .||tl|V«HI 2 2- 2 ^6,(t)||VQ||i,||AQ||| s 
|I Xc | < C|M|£*||A g VQ|M|AA,Q|| ia < C2^ s 6 g (t)|| u ||J 2 ||V u ||J 2 ||Vg||| s ||AQ||| s 

Pw|< E \{\(S q , +2 VQ aP A q ,u) 1 A q AQ a0 )\<\\VQ\\ Li Y 2 -^'+«> s 2^|| A,m|| L ,2' s || A g AQ|| L2 

q'>q~5 q'>q~5 

< ||VQ||J 2 ||Ag||J 2 ]T 2-^'+^- 5 «,^(*)^||^||i,||V u .||| 2 j|^Q||^ s < CIlVQIll.ll^Qllt^-^-^C^Il^ll^llWlli.ll^QII^ 

q'>q~5 

where b q (t) = (j2 a ' >a - 5 ^ q '-^a q ,(t))a q (t). 



9W - ^,'>,-5 i u, q .yL)ju, q 

\X 2 \ = \ Yj {[^ q ;Sq>-iQ 7 p}A q ,n a7 ,AA q Q a p)\< Y 2- 9 ||5 g '_iVQ 7 ^|| i oo||A g ,fi a7 ||_ L 2||AA g Q^|| i2 
k'-«l<s |g'-g|<5 

< Y C2-^\\S q ^ 1 \7Q lP \\ L ^'\\A q ,u\\ L 2\\AA q Q aP \\ L 2<C Y l|VQ||| 2 ||AQ||| 2 ||A 9 m|| J 2 || A g ,Vu|| * 2 || AA 9 Q|| L2 

|g'-g|<5 |«'-9|<5 

<C2- 2 ^W||Vg||J 2 ||AQ||J 2 || u ||| s ||V U ||i||AQ|| ffs 
P^l = | Y, {{Sq'-iQ-iP ^ S q -iQ 1 i3)A q A q iVL ai ,AA q Q a p)\< Y^ WiS^-iQ^fi — Sq-iQ-^) A q A q iVt ai \\ L 2\\AA q Q a p\\ 

|g'-g|<5 |g'-9|<5 

<C Y \\S*-iQip- 5 9 _iQ^|| L4 ||A,J2 Q7 || L4 ||AA,Q Q ^|| L 2 < Y 2 ~"'\\ \^Qyph^\\A q 

u IIl 4 II AA q Q a/3 \\ 

|g'-g|<5 \q'-q\<5 

< C||VQ|| L 4||A 9 u||J 2 ||A 9 V M ||J 2 ||A 9 AQ|| L2 < C2^ s 6 g (t)|| VQ||J 2 1| AQ|| J 2 ||u||| s ||V U ||| 3 ||AQ|| 
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where A q = £ w < 5 Ag. 

\1 4 \ = \ J2 (& q (S q '+2n ai A q ,Q lP ),A q AQ a f 3 )\< Y l|A g (5 9 , + 2^ Q7 A, 3 ,Q 7 ,3)|| L 2||A g Ag Q( g|| L 2 

q'>q— 5 q'>q—5 

< Y \\S q ' + 2^\\ L 4A q ,Q lP \\ L 4A q AQ aP \\ L 2 < Y C2«'\\S q , +2 u\\ L 4A g ,Q 1 p\\ L 4A q AQ af) \\ L , 

q'>q—5 q'>q—5 

< ||n||| 2 ||Vu||| 2 C J2 2- 9 ' s - 9S 2 t ''( s + 1 )||A f/ Q 7/3 ||J 2 ||A g ,VQ 7/3 ||J 2 29 s ||A g AQ Q(g || L 2 

q'>q-5 

<C|| U !|| 2 ||V M ||J 2 2- 2 ^(t)||VQ|ji||AQ||| a 



where b q (t) = ( E,<> 9 - 5 2 ~ (<? '~ 9)s <V W) MO- 



The term Z^, k = 5, 6, 7 is estimated exactly as the term Tk-3 that we have already studied above. 
We claim that: 



|X 8 | < 2- 2 ^b q (t) 



C(l + (EIIQII&U) 2 )||VQ||^ + ^||AQ|| 2 H 

i=2 



100 



(57) 



In order to prove the above estimate, we observe that the simplest terms are those of the form (A q Q a p, A q AQ a p) 
that can be easily estimated: 

\(A q Q aP , A q AQ a p)\ < 2-^ s b q (t)\\WQ\\ 2 Hs (58) 

For the rest of the terms we just consider a generic term from Is, namely (A g (Q{ 1 ), A q AQ a p) where 
2 < j < 3. We prove first the following: 

Lemma 3. We have: 

WAMJWv < 2-^a g (t)||Q 11 ||i;J_ 1) ||VQ||H» (59) 

for j > 2. 

Proof. We prove the statement by induction. 
Step 1 We have: 

A g (Qn)= Y \{Sq-+2QiiA ql Q 11 )+ Y A^^-iQuA^Qn) 

q'>q-b \q'-q\<5 

and 

|| Y A q (Sq'+2QiiA q ,Q 11 )\\ LP < \\QuWlp Y IIVQiilk- < IIQuIUp ]T s^ua^QuU^ 

q'>q—5 q'>q—5 q'>q—5 

<||Qn|U* Yl l|A g 'VQ n || L 2 < \\Qn\\ L p2-« s a q (t)\\VQ\\ HS 

q'>q-5 

where a q (t) = E q < >q - 5 2~^'-^a q/ (t). 
On the other hand: 

|| Y \(Sg'-lQll\'Qu)\\LP < \\Qh\\lp Y ll A <Z'QnlU- 
|g'-g|<5 |g'-9|<5 

< ||Qh||lp2-" s Y 2(«-«') s 2^||A^VQi 1 || £ 2 < ||Qii||£,2-» B a,(t)|| VQ\\ H - (60) 

|g'-g|<5 

The last two estimates prove Step 1. 
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Step 2 We assume the statement true for j and we aim to prove it for j + 1. We have 

A q (Q{ 1 Q 11 ) = ]T A q (S q , +2 Qi 1 A q ,Q n )+ ]T A 9 (^_iQ u A g (Q J u )) 
q'>q-5 |g'-g|<5 



and 

E WA^+zQi^Qnhr < E IIQiilU'll 

Ag'QllHioo 

q'>q—5 q'>q—5 

\\Q J n \\ L * J2 ^"' s 2''' s \\\7Q 11 \\ L2 <2-^a q (t)\\Q 11 \\l P3 \\^Q\\ H s 

q'>q-5 

where o,(t) = E,'>,- 5 ^'-^d q (t). 

On the other hand, letting r = f so that £ + ^ = | we get: 

E HStf-iQuA^Qjji, < E iiQiiiu^iivoiiiU' 

l«'-3l<5 |9'-9|<5 

< ||Qu||i>j2-"a g (t)||Q||i;5_ 1) ||VQ||ir. < ||Q||£ p ,2-«%(i)||VQ||^ 

where for the second inequality we used the inducation hypothesis. 
The last two estimates show Step 2 and thus prove the lemma. □ 
The lemma and estimate ([55]) imply the claimed estimate (|57p. 

The term k £ {9, 10, ... , 14} is estimated exactly as the term Ik-7 that we have already studied. 
Using the commutator estimate (|41[) with p = 2, r = | , s = (where we restrict < e < |) we get: 

|J 15 | = | E ([A g ,^_iQ^]A g ,tr(QVw),A g AQ)| <C E 2 " 9 ll 5 ?'-iVQ|| if IIQIU-IIA^VuH^ ||AA,Q|| £a 

|?'-«|<5 l«'-«l<5 

using Bernstein inequality we have for \q — qf \ < 5 and £ € (0, ^), 

2-«||A 5 /V«|| 2 < C||A 9 /u|| a , 
and then, using the interpolation inequality (see [5], and also |24| . Lemma 10): 

11/11^ ^cVPll/llillv/ni^ 

with p = e [1 , 2] , we obtain: 

\Xw\<C E l|S g VQ|| 2 .a||Q||Lo.||A,«||ir||A,V«||i a ||A 9 AQ|| ia , 

k'-?l<5 



where C > is constant independent of e £ (0, |). 



Using Young's inequality and assuming 0<£<i,0<7]<lwe have ab < ^g^- 1_E a i-= + -M^r? *+ e fo 1 ^ < 



^a 1 - 6 + 776 !+ e which implies, for appropriate 77: 
|Xi 5 |<C E (l|5 9 VQ|| Lf ||g||^) T ^||A gU !|i 2 + E ™H^^}\\AqVu\\f\\A q AQ\\f 

|?'-g|<5 |9'-9|<5 

We also use another form of Young's inequality, namely ab < E ° + e e — h < + b 1+E and obtain: 
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Pisl < C E ( (ll^VQ|| L a||Q||Loc) " e ||A,«||i a + ^H^VtiHi, + ^!|A g AQ|| 2 2 



|g'-g|<5 



c(\\S q VQ\\ Li HQIU-) ^ Hulli. + ^ol|Vu||^ + ^IIAQIU- 

l J i6| = I J2 {( s q'-iQ a p - S q -iQ af) )A q A g /tr(QVu), AA g Q Q(3 )| 

|g'-g|<5 

< ^ ||A g (QVu)|| L =o||5 g /_iQ-5 9 _iQ|Ua||A 9 AQ|| L 2< ^ 2«||QVu|| L »||5 a /_ 1 Q - ViQIUHIAAgQU^ 

|g-g'|<5 |9'-9|<5 

< ]T 2- 2fls 6 9 (t)||Q|| i oo||V«|| Li ,||VQ|| ff -||AQ|| ff4 

|g'-g|<5 

\Ztf\ = ] J2 (& q (S q >+2tr(Q\7u)A q ,Q af3 ),A q AQ af ^\< \\Sq'+2{QVu)\\ L °°\\A q ,Q a p\\ L 2\\AA q Q al3 \\ L 2 

q'>q— 5 q '>q—5 

< Y, 2 9 '!|QVu|| L 2||A g ,Q Q/3 || i2 ||AA g Q a , 3 || i2 < ||Q||ioo || V«|U» ]T 2-(«+^2«' s || A q , VQ Q/3 || L 22« a || AA q Q a[3 \\ L 2 

q '>q—5 q'>q—5 

<2- 2 « s b q (t)\\Q\\ L ~\\Vu\\ L 2\\VQ\\ H 4&Q\\H° 

where b q d = f T, q '> q ~ 5 2~ (q '~ q)s a q '(t)a q (t) e Z 1 with a g (t),Sy(t) £ Z 2 . 

Using the commutator estimate (|4ip with p = 2, g=|,r = j-rj (where we restrict < e < ^) we get: 

|Ji 8 | = |(Vi<9«/3 E [A„5 g '_iQ 7i ]A g .u 7 , a ,A g AQ a ^)| < ||ViQIU°° ^ || [A g , 5 g -_iQ]A g -Vu|| L 2|| A g AQ|| L2 
|g'-g|<5 |g'-g|<5 

<||QIU- E 2 ~l^-iVQ|y||A g ,Vu|| LA ||AA g Q|| i2 

|g'-g|<5 

We continue estimating exactly as in the proof of the estimates for the term X15 and obtain, for < e < i: 

\iis\ < 2- 2 ^(c(||s g VQ|| Lf WQh^lHh + ^ll Vw ll^ + TWll A QH^ 

1^19 1 = I [Sq-lQap( E (Sq'-lQ~fS - Sq-iQysjAyAq'Uy^s) , AA q Q al 3 
|g'-g|<5 

<\\Q\\ L °° J2 W s q'-iQ- ViOIUH|A g V u || L oc||AA g Q|| L 2 

|g'-g|<5 

<\\Q\\l°° J2 2 q \\S q >-iQ- 5 g _iQ|| L 2||Vu|| L 2||AA,Q|| L 2 < ||Q||l-||V«||l> E 2- 2 " s \\WQ\\ H s\\AQ\\ h , 

|g'-g|<5 |g'-g|<5 

1^20 1 = \(S q -iQ a p E A g(*5 , g'+2 u 7,<5A g 'Q 7 5), A g AQ Q(3 ) I 

q'>q-5 

<\\Q\\l°° E \\S q > + 2U ltS A q ,Q l5 \\ L 4A q AQ\\ L2 < ||Q||£-||Vtt|| £a £ 2«'|| A g ,Q|| L 2|| A g AQ|| i2 

q'>q— 5 q'>q— 5 

<||Q||L-||Vu|U a E l|A g 'V0|| L2 ||A g AQ|| L 2 < ||Q|U-||V«|| ia ^ 2-^ + «'> s 2«' s || A,, VQ^!| L 22« S || AA g Q Q/3 || i2 

q '> q —5 g'>g— 5 

<2- 2 «^ g (t)||Q|| i0 c.||V U || L 2||VQ|| ffs ||AQ|| Hs 
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where b q = f E q > >q ~ 5 2~ iq '~ q)s a q >(t)a q (t) e Z 1 with a q (t),a q (t) e Z 2 . 

|Ji| = |(A,(«Vu),A,«)| = | /" S,_iuVA,u • A g u| + I / [A«;^-iit]A g /VuA 9 

-' |g'-g|<5 



]T I J(S q ,- 1 u-S q - 1 u)A q A q ,VuA q u\+ ^ I jA q (S q > +2 Vu- A q ,u)A q t 



|g'-g|<5 g'>g-5 



Jlo ^ld 

with 

IJial < ||Vi«II^II a 9 vu||l 2 !Ia 9 u||l4 < ||w||l 2 ||Vw||| 2 2- 2 « s 6 ? (i)||vu||| s ||u||| s 



\Jib\ = \ J2 I W\S ql - X u]A q ,VuA q u\ < C2- q \\S q - 1 ^u\\ L 4A ql Wu\\ L 2\\A q u\\ Li 
W-q\<5 

<C|| U ||2 2 ||V W ||2 2 2- 2 « s 6 9 (t)||V U ||| 3 |!u||| s 



\Jic\ < IK^'-i- S q ^)u\\ L 4A q \7u\\ L 4A q u\\ L , <C|| u ||J 2 ||V U ||J 2 2- 2 ^6 9 (t)||V U ||| s || W ||| s 

|g'-g|<5 

|Ji d | = | £ (A,(5^+2V«A^«),A g u)|< ]T ||A g ( l S,, + 2VuA 4 /u)|| i |||A g «|| i ,« 

q'>q—5 q'>q — 5 

< £ IIVH»Vu|M|A,,u|M|A g u|| X 4 < 2 C||V w |U 2 ||A g m||J 2 ||A 9 ,Vu||i 2 ||A gU ||J 2 ||A f; V u ||J 2 

q'>q—5 q'>q—5 

< C\\Vu\\ L 22-i s 2-'' s (2^||A,m|| L2 )^(2 9 ' s ||A^V U |U2)5(2^||A gU || L2 )^(2^||A f; V U || i3 )^ 

g'><j-5 

< C\\Vu\\ L 4Vu\\ H s\\u\\ H ,2- 2 « s (2<i s £ c2-«' s a q ,(t)a q ,(t)) < C2~ 2,ls b q (t)\\Vu\\ L 2\\Vu\\ H 4u\\ H s 

where 6„(t) = £ ? , >g _ 5 ^'^a,, (t)a q , (t) e lJ,Vt > 0. 
We claim that we have: 

IJ2I = I J A q (daQygdpQ^s) A q u a ,p\ < || A, (d a Q 7 sdpQ 7 s)\\ L 2\\A q Vu\\ L 2 

< C2-^ s b q {t)\\d a Q l5 dpQ lS \\ H 4Vu\\ H s < C2- 2 ^6 9 (t)||Vg||2 2 ||AQ||J 2 ||VQ||| s ||AQ||| s ||V W || ffa . (61) 
In order to prove the claim we write, using Bony's paraproduct decomposition (|40l) : 

IJ2I < ||A g (5 a Q 7 ^Q 7ff )|| La ||A g Vu|| L a < ||S,_iQ 7S , Q A g Q 7 4,0|| L 2||A g Vu|| L 2 

S V ' 

+ \\( S q'-lQlS : a ~ S , 9 _iQ 7< 5 iCe )A,jA^(5 7l 5 :( 3|| i 2||A g Vu|| L 2 + £ 1 1 [A, , S q > _i Q~ ( 5, a ] A q ' Q^ s ,p || L 2 II A g Vu|| L 2 

|g'-g|<5 l?'-9l<5 

" v ' V * ' 

+ \\A q {S q , +2 Q lSJ A q ,Q^ a )\\ L 2\\A q Vu\\ L 2 {62) 

q'>q-5 
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We estimate: 

|A| < ||VQ|U4||A,VQ|U4||A 9 Vu|U= < 2- 2 9 s 6 9 (t)||VQ||| 2 ||AQ||| 2 ||VQ||| 3 ||AQ||| a ||V u ||^ 
and a similar estimate holds for B. 

\C\ < J2 2-«||A5 g /_ 1 Q|| £ 4||A,/VQ|U4||A,Vu|U a < \\VQ\\ L 4A q VQ\\ L 4A q Vu\\ L 2 

\q'-q\<5 

<2- 2 ^& 9 (i)||vg!|J 2 !|Agj|J 2 ||vg!ii,||AQ|||,,||v u || ff , 

\D\< \W(Sq'+2Q y s,^ ql Q yS , a )\\ L 2\\A q Vu\\ L 2 < llVQIU*||A 9 -VQ||i4||A 9 Vu|| i2 

q'>q— 5 q'>q—5 

<2- 2 ^(i)||VQ||J 2 ||AQ||J 2 ||VQ||i,||AQ||| 3 ||V U !| ffs 

where b q (t) = £ 9 , >? _ 5 2~«~^a q , (t)a q (i). 

The last three estimates imply the claimed estimate 

\Js\ = \ J2 f[&q-:S q >-iQ ai }A q ,AQ ll3 A q u a ^\< J2 l|[A 9 ;5^_iQ Q7 ]A g -AQ 7 ^|| L 2||A 9 Vu|| L 2 

\q'-q\<5 \q'-q\<5 

< C2- q \\S ql - 1 VQ a - y \\ L oo\\A q AQ^\\ L 2\\A q Vu\\ L 2 < C2-i\\S q ,- 1 VQ\\ L 4A q AQ\\ L 2\\A q Vu\\ L 2 

<2^\VQ\\l4AQ\\l 2 \\A q AQ\\ L 2\\A q u\\ L 2 
<C2- 2 ^6 9 (t)||VQ||J 2 ||A0||J 2 ||A0|| ffs || u ||| 3 !|Vu||| s 
Concerning the term J4 we use that (S q i-\Q ai — S q -\Q ai ) is localized in a dyadic ring, so we have 

\\Sj-iQcn - ViQarlk- < C2-*||VQ|| L 4 < C2~i ||VQ|| J,||AQ|| f a> 

and we obtain 

IJ4IH / J2 (S q >-iQc n -S q - 1 Qc n )A q A q .AQ^A q u a ,p\ < C2~i ||VQ||* 2 ||AQ||* 2 ||A,AQ|| L2 ||A,u Qi/ }|| L 2. 

|g'-g|<5 

Using the fact that \\A q u a . p \\ L 2 < C2§ 2~i s a\{t)\\u\\% s \\ Vu\\% s and ||A g AQ|| L 2 < C2~i s a 2 q (t)\\ AQ\\h° and 
denoting b q (t) d = a q (t)a q (t) we find 

\J4 < C2- 2 ^(i)||VQ||J 2 ||A0||J 2 ||AQ|| Hs || u ||| 3 ||V U ||| s 

The following term to estimate is J7s . Using Bernstein inequalities ||S' (Z '+2AQ||l=o < C2 q 2^~\\VQ\\ L 4 < 
C2^||VQ||J 2 ||AQ||| 2 and || A 9 ,Q Q7 || L 2 < C2-^||VA^Q a7 ||J 2 ||A^Ag a7 ||J 2 , we obtain 

IJsIH / A,(5,/ +2 AQ 7 ^A,/Q Q7 )A 9 u Q ^| < | ^ ||S g / +2 AQ||i~||A ? ,Q|| L2 ||A g Vu|| i2 

q'>q—5 q'>q—5 

<C 2^||VQ||J 2 ||AQ||J 2 2- 2 3 i ||A< 2 /VQ||2 2 ||A^AQ||J 2 ||A g Vn|| i2 (63) 

q'>q~5 

Cj|VQj|| 2 ||AQ||| 2 ]T 2-«'^(t)||VQ!|i||AQ||| s 2-^a g (t)||V W || ffs 



q'>q~5 

< 

- 11 iijj" 1 uj^* 

q'>q-5 

<C2- 2 « s 6 9 (t)||VQ||I 2 ||AQ||l 2 ||VQ||i||AQ|||,||V U ||H 8 



where b q (t) = E q >> q - 5 2^'^ s a q , (t)a q (t) . 
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The term Jk,k = 6,7,8 is estimated exactly as the term JTI-— 3 that we have already studied above. We 
also have that Jk = Jk-& for k £ {9, . . . , 14}. 

For J7i5 we apply Schwartz inequality together with the commutator estimate (|41j) with < e < \ and 
p = j^-j , r = \ and s = 2 to obtain: 



|Ji 5 | = |( [\,S g '-iQ a p]A qf tT(QAQ),A q u a ,p)\< J2 IK A <*' S q '-iQ]A q ,(QAQ)\\ L ^_ \\A q ,Vu\\ LT i_ 

|9'-?I<5 |9'-?|<5 



< J2 2-«||^_ 1 VQ|| i .|||A g ,(QAQ)|| i 2||A^Vu| 

|g'-g|<5 

< Y, 2-«||^_iVQ|| i3 ||<3||i~||A^AQ|| £2 ||A^Vw| 

\q'-q\<5 

We continue estimating exactly as in the proof of the estimates for the term I15 and obtain: 



c(\\S q VQ\\ Li HQIU-) ^ \\u\\%, + ^IIV^II 2 ^ + ^l|AQ|| ff . 

\Jw\< \{{S q >-iQ a f>- S q Q afi )A q A q ,tT{QAQ),A q u a! [} 

k'-9l<5 

< J2 IIQIU»ll-S,'-iQ-5 g Q||ioo||A,AQ|| La ||A 9 V«||L»<||Q|U-||V«||Li» £ 2 q \\S q >-iQ - S q Q\\ L 2\\A q AQ\\ L 2 

|g'-g|<5 |9'-g|<5 

< 2- 2c > s b q (t)\\Q\\ L ~\\Vu\\ L 4VQ\\ H s\\AQ\\ H s 



\Jn\< J2 \(\(S q >+2tr(QAQ)A q ,Q a p),A q u aJ3 )\< J2 jl A gtr(QAQ)j| L2 j|A g ,Q|| L oo||A 9 V U j| i2 

q '>q— 5 q'> q —5 

< IIQIU-HVuH^ J2 !|A;VQ|| i2 ||A 9 AQ|| i2 < 2- 2 ^(t)||Q|| L H|V U || L2 ||VQ|| ffs ||AQj|^ 

g'>g-5 

For Jig we apply Schwartz inequality together with the commutator estimate (|4"Tj) with < e < \ and 
p = , r = I and s = 2 to obtain: 

\Jis\<\{S q -iQ aP £ [A q ,S q '- 1 Q 7 s]A q 'AQ 7 s,A q u a ^) \ < \\Q\\l°° Yl U A ^ S i'-iQ} A i' a Q\\ l ^\\ a ^u\\ lT 2 

|g'-g|<5 |?'-g|<5 

< IIQIU- E 2-"\\S ql - 1 VQ\\ Li \\A ql AQ\\ L 2\\A q Vu\\ Lji 

|g'-g|<5 

We continue estimating exactly as in the proof of the estimates for the term I15 and obtain: 
\Jis\ < 2- 2qs (c(\\S q VQ\\ Li ||Q|| L „) * \\u\\ 2 H . + y^II V U || 2 ffs + ^IIAQIk- 



\Jw\ < I (S q -iQa/3 E (Sq'-lQjS — S q -\Q 1 s)A q A q i AQ n s, A q u ai pJ I 



|g'-g|<5 

<HQIU- E ViQIU~ll A 9 A QIU 2 l|A,Vu|| L 2 < ||Q|| L »||Vu|| L 2 £ j|A 9 VQ|| L2 || A g AQ|| i2 

|g'-g|<5 |g'-g|<5 

<2- 2 ^& 9 (t)||Q|| L ^||Vu|| i2 ||VQ||^||AQ||^ 
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\Ji0\ < \(Sq-lQaP ^ &q{Sqi+2&Q 1 8&q'Q 1 s)-,&qU a , 



q'>q-5 

<\\Q\\l<~ ]T \W>Q\\L°°\\A q AQ\\ L 4A g Vu\\ L 2 < IIQIU-UVttlli* ]T ||A g ,VQ|| i2 ||A g AQ|| i2 

q'>q— 5 q'>q—5 

< ||Q||i-||V«|U a Yl 2- {q ' +q)s 2 q ' s \W'VQ\\ L ^ s \\A q AQ\\ L2 <2- 2 ^6 9 (t)||g|| L ^||V U || i2 ||VQ!|^||AQ|| ffs 

<?'>g-5 



where b q (t) = E <>g _ 5 2 ~ (9 '~ 9)s <V(*)a<r(*)- 
Finally, we claim that: 

\J2l\ + \J22\ + \J2 3 \<2~ 2qS b q (t) 



c(E \\Q\\U-v) 2 \\VQ\\ 2 H ° + + ^!l v "!l^] ( 64 ) 

J=2 



In order to prove the above estimate, we observe that the simplest terms are those of the form (A q Q a p, A q u a ^) 
that can be easily estimated: 

|(A g Q a/ ,,A g u ai/ 5)| < C\\A q VQ\\ L 2\\A q u\\ L . < 2- 2qs b q (t)\\ VQ\\ H - \\u\\ H - 

For the rest of the terms we just consider a generic term from J21, J22, ^23, namely (A g (<3ii), AqU a ,p) 
where 2 < j < 5 and use Lemma [3] to obtained the claimed estimate (|64[) . 

Putting together the estimates for all terms, multiplying by 2 2qs and taking the sum in q, observing that 
we can write any sequence b q £ l q as b q = a q ■ a q with a q , a q £ l q , using ab < Ce _1 a 2 + eb 2 , with appropriate 
e, we obtain the claimed estimate (|44[) . 
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